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Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Vie[t], ve P\ Pi—1 = parents(v) C P;_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)

e We will focus on the parallel pebbling game throughout this talk.
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Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Vie[t], ve P\ Pi—1 = parents(v) C P;_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)
e We will focus on the parallel pebbling game throughout this talk.

Example

‘ e e@o P, = {1} (data value L; stored in memory)
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Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Viel[t], ve P\ Pi—1 = parents(v) C Pi_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)
e We will focus on the parallel pebbling game throughout this talk.

Example

‘ g e@o P, = {1, 2} (data values L, and L stored in memory)
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Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Vie[t], ve P\ Pi—1 = parents(v) C P;_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)
e We will focus on the parallel pebbling game throughout this talk.

Example

g@o P; = {3} (data value L3 stored in memory)

Jeremiah Blocki, Seunghoon Lee, Samson Zhou

Approximating Cumulative Pebbling Cost is Unique Games Hard



Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Viel[t], ve P\ Pi—1 = parents(v) C Pi_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)
e We will focus on the parallel pebbling game throughout this talk.

Example

Q@m P, = {3,4} (data values L3 and L4 stored in memory)
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Graph Pebbling (Sequential/Parallel)
Consider a directed acyclic graph (DAG) G = (V, E).

Goal: place pebbles on all sink nodes.

Pebbling Rules: P = {Py,---, P} C V where P; C V denotes the number of pebbles in round 1,
o PO =
e Vie[t], ve P\ Pi—1 = parents(v) C P;_1, and

e Vi€ [t], |Pi\Pi—1| <1 (onlyin the sequential pebbling game)
e We will focus on the parallel pebbling game throughout this talk.

Example

o e e@‘ Ps = {5} (data value Ls stored in memory)
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| + -+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| 4+ .-+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.

O OXE) wosinrs iai=1sariraisn
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| 4+ .-+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.

W‘i@ cc(G) < |P|+-+|Ps|=1+24+14+24+1=T.
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| 4+ .-+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| 4+ .-+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.

m (@) <|Pi+ -+ |Ps|=142414241=7.
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Pebbling Complexity: The Cumulative Pebbling Cost cc(G)
Let Pg be the set of all valid parallel pebblings of G.

e The cumulative cost of a pebbling P = (Py,--- , P;) € ’Pg is

CC(P) = |P1| 4+ .-+ |Pt|
e The cumulative pebbling cost of a graph G is defined by

cc(G) = min cc(P)
pePll,

where the minimum is taken over all legal black pebblings of G.
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Applications of cc(G)

e Password hashing - Memory Hard Function (MHF) f

e A brute-force attacker wants to compute fe on many inputs (m)
o Involves pebbling a DAG G’ m times
o Want total cost as large as possible

e Consider the SpacexTime (ST)-Complexity ST(G) := min (tp x max;<¢p |Pi]).

I
PePg,
> | ST,=S,xT,~ S, x T,=8T,
8 s
3
@ | cost of computing cost of computing
fonce fthree times

time T Ty
Theorem [ASI5] (informal)

For a secure side channel resistant memory hard function for password hashing, it suffices to find a DAG G
with constant indegree and maximum cc(G).

e Cryptanalysis of MHF < Find cc(G).
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The Main Result

e Blocki and Zhou [BZ18] recently showed that computing cc(G) is NP-Hard. However, this does not
rule out the existence of a (1 + &)-approximation algorithm for any constant € > 0.

e Our main result is the hardness of any constant factor approximation to the cost of graph pebbling
even for DAGs with constant indegree.

Theorem

Given a DAG G with constant indegree, it is Unique Games hard to approximate cc(G) within any
constant factor.

Strategy?
e Svensson'’s result of Unique Games hardness to distinguish two cases for a DAG G

« Reduction to G with gap between the upper and lower bound of cc(é)

8
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Proof Overview

B Graph Pebbling and Depth ST

: . ) ‘ ~ Robustness o
. Unique Games Conjecture o
L MR |
N
: 's Resul ~v-Extreme Depth Superconcentrator [ABI16] Pebbling
vensson's Result Robust Graphs Overlay Attacks
’ Ist Indegree Reduction
[
2nd Indegree Reduction
Theorem 3.3 Corollary 3.5
Lemma 4.4
[
4
Theorem 4.5

(Unique Games Hard to
Approximate cc(G))
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

Tv,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y,w (p(w)).

n
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

Tv,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y,w (p(w)).

Example
Consider the following permutation assignment:
o wr £ {1,2,3,4,5} = {2,5,1,3,4}, (e.g. Mog iy (1) =2)
Ty ,w3 * {17 2» 37 47 5} — {37 27 57 47 1}:
Tog,wa © 11,2,3,4,5} — {4,3,2,5,1},
Tog,ws & 11,2,3,4,5} — {3,1,4,5,2}.
» p(v1)  p(v2)  p(wi) plw2) p(ws) (#satisfied edges)

1 2 3 4 5 3

2 3 5 1 4 0

\% 3 4 2 5 1 1
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

Tv,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y,w (p(w)).

Example
Consider the following permutation assignment:
o wr £ {1,2,3,4,5} = {2,5,1,3,4}, (e.g. Mog iy (1) =2)
Ty ,w3 * {17 2» 37 47 5} — {37 27 57 47 1}:
Tog,wa © 11,2,3,4,5} — {4,3,2,5,1},
Tog,ws & 11,2,3,4,5} — {3,1,4,5,2}.
» p(v1)  p(v2)  p(wi) plw2) p(ws) (#satisfied edges)

1 2 3 4 5 3

2 3 5 1 4 0

\% 3 4 2 5 1 1
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

Tv,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y,w (p(w)).

Example
Consider the following permutation assignment:
o wr £ {1,2,3,4,5} = {2,5,1,3,4}, (e.g. Mog iy (1) =2)
Ty ,w3 * {17 2» 37 47 5} — {37 27 57 47 1}:
Tog,wa © 11,2,3,4,5} — {4,3,2,5,1},
Tog,ws & 11,2,3,4,5} — {3,1,4,5,2}.
» p(v1)  p(v2)  p(wi) plw2) p(ws) (#satisfied edges)

1 2 3 4 5 3

2 3 5 1 4 0

\% 3 4 2 5 1 1
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

Tv,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y,w (p(w)).

Example
Consider the following permutation assignment:
o wr £ {1,2,3,4,5} = {2,5,1,3,4}, (e.g. Mog iy (1) =2)
Ty ,w3 * {17 2» 37 47 5} — {37 27 57 47 1}:
Tog,wa © 11,2,3,4,5} — {4,3,2,5,1},
Tog,ws & 11,2,3,4,5} — {3,1,4,5,2}.
» p(v1)  p(v2)  p(wi) plw2) p(ws) (#satisfied edges)

1 2 3 4 5 3

2 3 5 1 4 0
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Unique Games Conjecture

Definition (Unique Games)

An instance of Unique Games U = (G = (V, W, E), [R], {7v,w }v,w) consists of a regular bipartite graph
G(V,W, E) and a set [R] of labels. Each edge (v, w) € E has a constraint given by a permutation

To,w : [R] — [R]. The goal is to output a labeling p : (V U W) — [R] that maximizes the number of
satisfied edges, where an edge is satisfied if p(v) = 7y, w (p(w))

The following conjecture from [KhoO2] has been extensively used to prove several strong hardness of
approximation algorithm.

Conjecture (Unique Games Conjecture) [Kho02]

For any constants a, B > 0, there exists a sufficiently large integer R (as a function of «, ) such that for
Unique Games instance with label set [R], no polynomial time algorithm can distinguish whether:

1. (completeness) the maximum fraction of satisfied edges of any labeling is at least 1 — a, or

2. (soundness) the maximum fraction of satisfied edges of any labeling is less than 3.

e Approximation algorithm for cc(G)?

12
/31,

Jeremiah Blocki, Seunghoon Lee, Samson Zhou Approximating Cumulative Pebbling Cost is Unique Games Hard



We are now at...

Introduction

Technical Ingredients
Depth Robustness of a Graph

The Main Result and Concluding Remark

13
/31,

Jeremiah Blocki, Seunghoon Lee, Samson Zhou Approximating Cumulative Pebbling Cost is Unique Games Hard



Technical Ingredients 0: Depth Robustness («+ Depth Reducibility)
First, we define depth(G) to be the length of the longest directed path in a DAG G.

Definition
e ADAG G = (V, E) is (e, d)-depth robust if

VS C Vst |S|<e = depth(G—-S)>d.
e We say that G is (e, d)-reducible if G is not (e, d)-depth robust. That is,
3S C Vsit. |S| < e and depth(G — S) < d.

Example

The following graph is (e = 2, d = 2)-reducible:

0 0-00-00
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Technical Ingredients 0: Depth Robustness («+ Depth Reducibility)
First, we define depth(G) to be the length of the longest directed path in a DAG G.

Definition
e ADAG G = (V, E) is (e, d)-depth robust if

VS C Vst |S|<e = depth(G—-S)>d.
e We say that G is (e, d)-reducible if G is not (e, d)-depth robust. That is,
3S C Vsit. |S| < e and depth(G — S) < d.

Example

The following graph is (e = 2, d = 2)-reducible:

-0 o-0
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Technical Ingredients 0: Depth Robustness («+ Depth Reducibility)
First, we define depth(G) to be the length of the longest directed path in a DAG G.

e ADAG G = (V, E) is (e, d)-depth robust if

VS C Vst |S|<e = depth(G—-S)>d.
e We say that G is (e, d)-reducible if G is not (e, d)-depth robust. That is,
3S C Vsit. |S| < e and depth(G — S) < d.

A few facts about depth robustness:
e [ABI6] For any (e, d)-reducible DAG G with N nodes,

. _ N?d
cc(G) < min [ eN + gN x indeg(G) + .
g=2d g

e [ABP17] For any (e, d)-depth robust DAG G,
cc(G) > ed.

15
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Technical Ingredients 1: Svensson’s Result of Unique Game Hardness

Svensson [Svel2] proved the Unique Games hardness of a DAG G

Theorem [Svel2]

For any constant k,e > 0, it is Unique Games hard to distinguish between whether
1. Gis (e1,d1)-reducible with e; = N/k and d; = k, and
2. G is (e2, d2)-depth robust with es = N(1 — 1/k) and dz = Q(N*~¢).

e To prove this, reduction from an instance of Unique Games U = (G = (V, W, E), [R], {Tv,w }v,w) to
a DAG Gy on N nodes.
o Gis (e1,dy)-reducible if U is satisfiable, and
o Gis (e2,d2)-depth robust if I is unsatisfiable.

e As mentioned before, we have nice upper and lower bounds for cc(G) from [ABP17] and [AB16]:

e [ABPI17] For any (e, d)-depth robust DAG G, we have cc(G) > ed.
e [ABI6] For any (e, d)-reducible DAG G with N nodes, we have
cc(G) < ming>q (eN + gN X indeg(G) + N—2d).

g9

37
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Technical Ingredients 1: Svensson’s Result of Unique Game Hardness

Svensson [Svel2] proved the Unique Games hardness of a DAG G

Theorem [Svel2]

For any constant k,e > 0, it is Unique Games hard to distinguish between whether
1. Gis (e1,d1)-reducible with e; = N/k and d; = k, and
2. G is (e2, d2)-depth robust with es = N(1 — 1/k) and dz = Q(N*~¢).

e To prove this, reduction from an instance of Unique Games U = (G = (V, W, E), [R], {Tv,w }v,w) to
a DAG Gy on N nodes.
o Gis (e1,dy)-reducible if U is satisfiable, and
o Gis (e2,d2)-depth robust if I is unsatisfiable.

e As mentioned before, we have nice upper and lower bounds for cc(G) from [ABP17] and [AB16]:

e [ABPI17] For any (e, d)-depth robust DAG G, we have cc(G) > ed.
e [ABI6] For any (e, d)-reducible DAG G with N nodes, we have
cc(G) < ming>q (eN + gN X indeg(G) + N—2d).

g9

* Why can’'t we directly use this result to obtain our result (UG hardness of approximability of cc(G)?)
7 /x
4
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Technical Ingredients 1: Svensson’s Result of Unique Game Hardness

Theorem [Svel2]

For any integer k > 2 and constant € > 0, it is Unique Games hard to distinguish between whether
1. Gis (e1,d1)-reducible with e; = N/k and d; = k, and
2. G is (e2, d2)-depth robust with e; = N(1 — 1/k) and d2 = Q(N*~¢).

Challenges of Applying Svensson’s Construction

The result of Alwen et al. [ABP17] and [ABI16] tells us that
e cc(Gy) > eads, and

2
e cc(Gy) < min (elN—i—gN x indeg(Gy) + N dl)
g=>di g
= no gap between the upper/lower bounds since indeg(Gy) = O(N) implies
gN x indeg(Gy) = gN? > eads.

= need to reduce the indegree (how? using y-extreme depth-robust graphs.)
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Svensson’s Construction

Layered Bipartite Graph | transformation
Gu

Unique Games Instance reduction
U = (G, [R], {mv,w}tv,w)

Required DAG Gy

will discuss this part

1. The graph Gy contains two types of vertices:
o bit-vertices partitioned into bit-layers B = Bo U --- U By,
o test-vertices partitioned into test-layers T'=Tp U --- U T, _1, and
o all of the edges in the graph are between bit-vertices and test-vertices.

19
3
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Svensson’s Construction

Layered Bipartite Graph | transformation
Gu

Unique Games Instance reduction
U = (G, [R], {mv,w}tv,w)

Required DAG Gy

will discuss this part

1. The graph Gy contains two types of vertices:
o bit-vertices partitioned into bit-layers B = Bo U --- U By,
o test-vertices partitioned into test-layers T'=Tp U --- U T, _1, and
o all of the edges in the graph are between bit-vertices and test-vertices.

2. Gy shows symmetry between the layers:

o Bp={b%,--- b5, and T, = {t&,--- ,tf,} (# of bit- and test-vertices in each layer is the same)
o The edges between By and T} (resp. Ty and By 1) encode the edge constraints in the UG instance U.

o The directed edge (b?, tﬁ) exists < V€' > £ the edge (b tz.l) exists.

7 22%g

. . / .
o The directed edge (tf, berl) exists < V¢’ > { the edge (tﬁ7 bt') exists.
19 /
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Svensson’s Construction

Unique Games Instance reduction
U = (G, [R], {mv,w}tv,w)

Layered Bipartite Graph | transformation
Gu

Required DAG Gy

will discuss this part

1. The graph Gy contains two types of vertices:

bit-vertices partitioned into bit-layers B = Bo U ---U By,
test-vertices partitioned into test-layers ' =Ty U --- U T, _1, and
all of the edges in the graph are between bit-vertices and test-vertices.

shows symmetry between the layers:

By = {b‘f, <, b8 Y and Ty = {t‘{, cee tf;} (# of bit- and test-vertices in each layer is the same)

The edges between By and T} (resp. Ty and By 1) encode the edge constraints in the UG instance U.
The directed edge (b, tﬁ) exists <> V&' > £ the edge (bf, tﬁl) exists.

The directed edge (tf, berl) exists < V¢’ > { the edge (t§7 bfl) exists.

3. The number of layers L = N*' ¢,

Jeremiah Blocki, Seunghoon Lee, Samson Zhou
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Svensson’s Construction

o Cos={zc[k]®:2z;=x,;V¥j &5},

o Cosow=1{2€[K]T:2 = Ty (i) Vo,w(f) € ST
e CPy={z®1:2€Cys}

e Coy,w={201:2€Cr 50w}

Svensson’s Construction for the Graph G

We fix k to be an integer and €, > 0 to be arbitratily small constants. For some L to be fixed,

e There are L + 1 layers of bit-vertices. Each set of bit-vertices B, with 0 < ¢ < L contains bfu,z for
eachw € W and = € [k]®

e There are L layers of test-vertices. Each set of test-vertices T with 0 < ¢ < L — 1 contains
e Sowy.. g fOr €ach @ € [k]%, 8 = (s1,--- ,s-r) € [R]*",v € V and every sequence of
(wl, . wzt) (not necessarily distinct) neighbors of v.

e lf¢</{¢ and z € C’szwj then add an edge from be tot
e lf¢>/¢andzec C®

z,5,v,w;’

for each 1 < j < 2t.

z,S,v,w1, - ,wat
then add an edge from tz S opee sty 0B bwj,z for each 1 < j < 2t.
e f T =|ToU---UTyL 1| then L is selected so that 6L > T*7°.
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Svensson’s Construction
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Svensson’s Construction

To

Bo

= indeg(Gy) > L (and can be as large as Q(N) in general)  Need to reduce indegree!

21
/31,

Jeremiah Blocki, Seunghoon Lee, Samson Zhou Approximating Cumulative Pebbling Cost is Unique Games Hard



We are now at...

Introduction

Technical Ingredients

Reducing the Indegree: y-Extreme Depth Robust Graphs

The Main Result and Concluding Remark

Jeremiah Blocki, Seunghoon Lee, Samson Zhou Approximating Cumulative Pebbling Cost is Unique Games Hard



Technical Ingredients 2: v-Extreme Depth Robust Graphs (Indegree Reduction)

¢ As discussed before, Svensson’s construction has too large indegree (O(N)) for the purposes of
bounding cc(G). How to reduce indegree?

A DAG G+,n on N nodes is said to be y-extreme depth-robust if it is (e, d)-depth robust for any e, d > 0
such that e +d < (1 —v)N.

Svensson’s Graph G‘u j ******************* |

transformation Sparsify I

SparsifyG%L_H (Gu)

:
]
I'e keep the edge (b°, tz/) e :
: e=1"or (£,0') € E(Gy,L41) :
I
| I
‘ |
|

~-Extreme DR Graph G, 1,11 J

©® Indegree and outdegree
O(N¢log? N) < O(N)

® keep the edge (tﬂ,bl) &
(€', 0) € B(Gy,L+41)

o Alwen et al. [ABPI18] showed that for any constant v > 0, there exists a family {G,n }%¥=1 of
~-extreme depth-robust DAGs with maximum indegree and outdegree O(log N).
e Then Sparsifycv L1 (Gu) will have degree at most

O(indeg(G. r+1) x outdeg(G~,z+1) X N/(L +1)) = O(N®log® N).
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Technical Ingredients 2: v-Extreme Depth Robust Graphs (Indegree Reduction)

Sparsifyg ., (Gu)
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Technical Ingredients 2: v-Extreme Depth Robust Graphs (Indegree Reduction)

Theorem [Svel2]

For any integer k > 2 and constant € > 0, it is Unique Games hard to distinguish between whether
1. Gis (e1,d1)-reducible with e; = N/k and d; = k, and
2. G is (e2, d2)-depth robust with e; = N(1 — 1/k) and d2 = Q(N*~¢).

o Indegree Reduction with SparsifyG7 L1 (Gu)
o Analysis with Graph Coloring and Weighted Depth Robustness

Theorem (3.3)

For any integer k > 2 and constant € > 0, given a DAG G with N vertices and
indeg(G) = O(N*® log® N), it is Unique Games hard to distinguish between the following cases:

e (Completeness): G is (( 125) N, k) -reducible.
e (Soundness): G is ((1 — )N, N'~¢)-depth robust.
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Obtaining DAGs with Constant Indegree

¢ The second indegree reduction procedure IDR(G, y) replaces each node v € V' with a path
P, =v1,- - ,054~, where § = indeg(QG).

e For each edge (u,v) € F, we add the edge (us1-,v;) whenever (u,v) is the j*
* We observe that indeg(IDR(G,v)) = 2.

o
o

G IDR(G

incoming edge of v.

Lemma ([ABP17])

e IfG is (e, d)-reducible, then IDR(G, ) is (e, (§ + 7v)d)-reducible.
e IfG is (e, d)-depth robust, then IDR(G, ) is (e, yd)-depth robust.

26
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Putting 1 and 2 Together: UG Hardness for DAGs with Constant Indegree

Corollary (3.5)

For any integer k > 2 and constant € > 0, given a DAG G with N vertices and indeg(G) = 2, it is
Unique Games hard to decide whether G is (e1, d1)-reducible or (e2, d2)-depth robust for

o (Completeness): e; = %NTI% and dy = KN T,
¢ (Soundness): e; = (1 — E)Nﬁ and d; = 0.ON T3,
Proof Sketch. Suppose G’ is a graph with M vertices. With setting v = M2 — 6,

G’ with M vertices — G = IDR(G’,~) with (6 + )M = M'"?* = N vertices

or equivalently, M = N, By the previous Lemma, > di=(6+)k
P c
e G =IDR(G",7) is (e1,d1)-reducible for e; = &L = w and!dy|= kM?*® = kN THEE

o G =IDR(G',7) is (ez, d2)-depth robust for e = (1 — &)M = (1 — &) N'/1+29) while
do = yM'™% = (M?* — §)M*~¢. Since § = O(M*® log® M), for sufficiently large M,
14
dy = 0.9M'*+e = Q.9NT#2¢ 0
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Technical Ingredients 3: Superconcentrators
Recall that we have the following upper and lower bounds for cc(Gu):

cc(Gy) > eads, and

. . N?dy
cc(Gu) < min e1N + gN x indeg(Gy) + 7 .
1

9>

e Even after indegree reduction, still no gap between the pebbling complexity of the two cases.

1 2+2¢

1 1 24
eN = ZNTEN = -NTE > (1 - )NTF% = eads.
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Technical Ingredients 3: Superconcentrators
Recall that we have the following upper and lower bounds for cc(Gu):

i cc(Gy) > eads, and

9>

|

N2d

1 cc(Gu) < midn (€1N—|—gN x indeg(Guy) + ; 1) o
1 |

e Even after indegree reduction, still no gap between the pebbling complexity of the two cases.
1 242¢

1 1 24
eN = ZNTEN = -NTE > (1 - )NTF% = eads.

!
|
|
|
|
|
|
|
|
!
!
- - Need to make it tighter!
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Technical Ingredients 3: Superconcentrators
Recall that we have the following upper and lower bounds for cc(Gu):

i cc(Gy) > eads, and

|

N2d

1 cc(Gu) < midn (€1N+gN x indeg(Guy) + ; 1) o
1 |

9>

1

1 1. 242 24e
elN = NN = - NI > (1 - ) N7 = eads.

!
|
:
|
I ® Even after indegree reduction, still no gap between the pebbling complexity of the two cases.
|
|
|
|
!

- - Need to make it tighter!

Definition (Superconcentrator)

A superconcentrator is a graph that connects IV input nodes to N output nodes so that any subset of k&
inputs and k outputs are connected by k vertex-disjoint paths for all 1 < k < N. Moreover, the total
number of edges in the graph should be O(N).
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Technical Ingredients 3: Superconcentrator Overlay
Pippenger gives a superconcentrator with depth O(log N).

Lemma ([Pip77])

There exists a superconcentrator G with at most 42N vertices, containing N input vertices and N
output vertices, such that indeg(G) < 16 and depth(G) < log(42N).

Now we define the overlay of a superconcentrator on a graph G.

Definition (Superconcentrator Overlay)

Let G = (V(G), E(G)) be a fixed DAG with N vertices and Gs = (V(Gs), E(Gs)) be a (priori fixed)
superconcentrator with N input vertices input(Gs) = {i1, -+ ,in} C V(Gs) and N output vertices
output(Gs) = {o1,- - ,on} C V(Gs). We call a graph G' = (V(Gs), E(Gs) UEr U Ep) a
superconcentrator overlay where Er = {(iu, %) : (u,v) € E(G)} and Eo = {(04,0i41) : 1 <i < N}
and denote as G’ = superconc(G).

* We will denote the interior nodes as interior(G’) = G’ \ (input(G’) U output(G’)) where
input(G’) = input(Gs) and output(G’) = output(Gs).

Approximating Cumulative Pebbling Cost is Unique Games Hard

Jeremiah Blocki, Seunghoon Lee, Samson Zhou



Technical Ingredients 3: Superconcentrator Overlay

Example.

erconcentra superconcentrator
0O ©® - © e ‘ ‘
Gg G’ = superconc(Q)
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Technical Ingredients 3: Superconcentrator Overlay

If Gis (e, d)-depth robust, We have the following lower bound on the pebbling complexity from [BHK™18]:

cc(superconc(G)) > min {%, %} .

The following lemma provides a significantly tighter upper bound on cc(superconc(G)) with an improved
pebbling strategy.

Lemma (4.4)
Let G be an (e, d)-reducible graph with N vertices with indeg(G) = 2. Then

43dN* N 24N? log(42N)

cc(superconc(@)) < m>11; {QeN + 4gN + + 42N log(42N) + N} .
9>

e Full description for the improved pebbling strategy: see the full paper! (Link)

e Now we can tune parameters appropriately to obtain our main result.

32
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Main Theorem: Unique Games Hardness of cc(G)

Theorem

Given a DAG G, it is Unique Games hard to approximate cc(G) within any constant factor.
Proof Sketch. Let k > 2 be an integer that we shall later fix. Similarly, € > 0 be a constant that we shall
later fix. Given a DAG G with N vertices, it is Unique Games hard to decide whether

e Gis (e1,d1)-reducible for e = LN T2, d; = kNTi?, and

o Gis (e2, dz)-depth robust for ey = (1 — )N 5%, dy = 0.9N 172

e If Gis (e1,d1)-reducible, then

2 2
cc(superconc(G)) < min {261N+ 4gN + 43d;N + 24N?1og(42N)

g=>dy

+ 42N log(42N) + N}

7 22 -
< EN 1+2:  (for g = e; and sufficiently large N.)

N N 1-— 2+2¢
e If G is (e2, d2)-depth robust, then cc(superconc(G)) > min {CZT, d28 } > 5 € Nt
Let ¢ > 1 be any constant. Setting € = % and k = 102¢?, we have

Tness - L B« 1_16Nf¢§§ - %Nﬁi; 0
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Main Theorem: Unique Games Hardness of cc(G)

Theorem

Given a DAG G, it is Unique Games hard to approximate cc(G) within any constant factor.

Proof Sketch Let k > 2 be an integer that we shaII later fix. Similarly, e > 0 be a constant that we shall

l e Gis (el, d1)-reducible for e; = $ NT+2¢ %, dy = kNT% , and

+c 1~ (Corollary 3.5)
‘ e Gis (ez,dg) depth robust foreg = (1 —e)NT+2= 9% dy = 0.9N T3 T |

v e L L L L T L N e L e e L e e 2 2

(Lemma 4.4)

N doN 1—¢ 212
e If G is (e2, d2)-depth robust, then cc(superconc(G)) > min {CZT, d28 } > 5 ENTRE,
Let ¢ > 1 be any constant. Setting € = % and k = 102¢?, we have
7 242¢ 1 242¢ 1 242¢ 1—¢ 242¢

—NT+2e = —— N T+2¢ — NT+2e = — —~ N T1+2¢, O
k 16¢2 < 16 8
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Open Questions

e What we showed: UG-Hard to c-approx for any ¢ > 0.

o Worst case
o Do better for natural families of graphs?
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e Possibility of bigger gap hardness of approximation (e.g. O(polylog(n))-approx?)
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e What we showed: UG-Hard to c-approx for any ¢ > 0.
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o Do better for natural families of graphs?

e Possibility of bigger gap hardness of approximation (e.g. O(polylog(n))-approx?)

e Hardness of approximation for sequential pebblings?
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e What we showed: UG-Hard to c-approx for any ¢ > 0.

o Worst case
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e Possibility of bigger gap hardness of approximation (e.g. O(polylog(n))-approx?)
e Hardness of approximation for sequential pebblings?

e Approximation hardness from P # NP?
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Open Questions

e What we showed: UG-Hard to c-approx for any ¢ > 0.

o Worst case
o Do better for natural families of graphs?

e Possibility of bigger gap hardness of approximation (e.g. O(polylog(n))-approx?)
e Hardness of approximation for sequential pebblings?
e Approximation hardness from P # NP?

e |s there any efficient c-approximation algorithm for Red-Blue pebbling where ¢ = o(cy /¢, )?
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Questions?
o e

4
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