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Evaluating a functionmeans executing a dependency DAG

f (x, y) = xy ⇒
x

y
z

f(x) = H(H(· · ·H(x))) ⇒ x · · · zH H H

Compute + store intermediates (memory)
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DAG Evaluation forces amemory-recomputation tradeoff
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Space–time and cumulative cost capture this tradeoff

[Space-Time Cost]
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Pebbling games are the combinatorial model for these costs
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Three takeaways

Parallel Reversible Pebbling

LANGUAGE a clean combinatorial way to reason about time-space tradeoffson DAGs (directed
acyclic graphs)

Upper and Lower Bounds

CONCRETE BOUNDS upper/lower bounds for reversible pebbling on simple and structured DAGs

Generic Transformations

REUSABLE TOOL a generic transformation from classical to reversible pebbling strategies
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Pebblesmodelmemory in DAG evaluation

(Classical) Pebbling Game Rules

• Start with no pebbles on the graph and endwith the target nodes
• All the parents need to be previously pebbled to place anew pebble

availablememory

Example. A pebblingP = (P1, . . . , Pt) for a DAGG

1 2 3 4 5

P1 = {1}
P2 = {1, 2}
P3 = {2, 3}
P4 = {3, 4}
P5 = {5}
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Quantum computation reveals themissing piece: cleanup
Classical pebbling deletes for free; reversible computation cannot

Suppose we have f(x) := g(x, h(x)) for some function g, h.

1

x

2

y = h(x)

3

f(x) = g(x, y) = g(x, h(x))

Af

x f(x)

Classically:

(x, y, 0)
deletion is free7−−−−−−−→ (x, 0, f(x))

Quantum computationmust be reversible:

Observation 1
If a value is used to (un)compute something this
round, you can’t delete it in the same round.

Observation 2
To uncompute y, wemust still have its parents in
memory (here: x).
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We need a pebblingmodel that charges for cleanup

Observation 1

If a value is used to (un)compute something this round,
you can’t delete it in the same round.

Observation 2

To uncompute, wemust still have its parents inmemory.

Let's recall our previous example for a classical pebbling:

1 2 3 4 5

Classical

Round 1
Round 2
Round 3
Round 4
Round 5

Reversible

Round 1
Round 2
Round 3
Round 4
Round 5
Round 6
Round 7
Round 8
Round 9
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We add these constraints to the parallel reversible pebbling

Observation 1

If a value is used to (un)compute something this round,
you can’t delete it in the same round.

Observation 2

To uncompute, wemust still have its parents inmemory.

Parallel Reversible Pebbling Game Rules

Existing pebbling rules:
• Start with no pebbles on the graph and endwith the target nodes
• All the parents need to be previously pebbled to place a new pebble

New reversible constraints:
• Wemust keep the pebbles if they are required to place/delete pebbles
• A pebble can be deleted only if all of its parents were previously pebbled
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Pebbling formalizes space-time and cumulative cost

[Space-Time Cost]
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Time
Given a pebblingP = (P1, . . . , Pt),

ST(P ) :=
(

max
i

|Pi|
)
· t,

and for a DAGG, ST(G) := min
P legal forG

ST(P ).

[Cumulative Cost]
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Given a pebblingP = (P1, . . . , Pt),

CC(P ) :=

t∑
i=1

|Pi|,

and for a DAGG, CC(G) := min
P legal forG

CC(P ).
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Memory-hardness fights parallel guessing
Cryptographic Motivation

Image created by ChatGPT

Input Output

Memory-Hard Function

· · ·

• Offline attacks are cheap to parallelize (ASIC/GPUs)

• Memory-Hard Functions force largememory (or large time) per evaluation
• Memory-Hard Functions can be defined by structured DAGs
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Quantum search pays per reversible evaluation
Why space-time cost?

• A quantum search attack repeatedly evaluates the function
• Grover reduces the number of evaluations
• But each evaluationmust still be implemented reversibly

and coherently inside the quantum algorithm

⇓

• So space–time costmeasures the full resource cost of one
reversible evaluation

Guess a password

Compare with target

· · ·
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Cumulative cost captures amortization acrossmany evaluations

sp
ac
e

time

S1

S3

T1 T3

• Space-time cost can stay roughly the same under pipelining (S1 × T1 ≈ S3 × T3)
• Cumulative cost scales with the total memory used over time (CC(G×3) = 3× CC(G))
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Sequential reversible pebblingmisses parallel speedups

• Prior work [Ben89, LV96, Krá01, MSR+19]models reversible computation sequentially
• It correctlymodels cleanup, but it can substantially overestimate timewhen the DAG has a parallel

structure

O(N) stepsO(logN) steps

SequentialParallel

Sequential model:
⇒ (ST-Cost) ≈ (space)×O(N)

Parallel evaluation:
⇒ (ST-Cost) ≈ (space)×O(logN)
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Three takeaways

Parallel Reversible Pebbling

LANGUAGE a clean combinatorial way to reason about time-space tradeoffson DAGs (directed
acyclic graphs)

Upper and Lower Bounds

CONCRETE BOUNDS upper/lower bounds for reversible pebbling on simple and structured DAGs

Generic Transformations

REUSABLE TOOL a generic transformation from classical to reversible pebbling strategies

Parallel Reversible Pebbling: Time-Space Tradeoffs on DAGs (with Cryptographic Motivation)
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We begin with the simplest DAG: a line graph
Space-time upper bound

Note. A reversible pebbling strategy gives an upper bound

Parallel Classical PebblingNaïve Reversible PebblingParallel Reversible Pebbling [BHL22]

(ST-Cost) = N(ST-Cost) = N2

Our Result [BHL22]

For a line graphLN withN nodes, we have ST∥, →← (LN ) = O
(
N

1+ 2√
log N

)
.

• Wemodified Bennett and Li & Vitányi's strategy [Ben89, LV96] which used recursion
• This is efficient: for someN , this is always tighter thanO

(
N1+ε

)
for any constant ε > 0

∥: parallel, →← : reversible
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A structured DAG can inherit a line-graph pebbling strategy

G · · ·

skip node

· · ·

Bi−1 Bi Bi+1↓
L⌈N/b⌉ · · · v′i−1 v′iv

′
i v′i+1v′i+1 · · ·v′i+1

• Given a graphG, split into blocks of size b and create a line graphL⌈N/b⌉ of size dN/be

• Transform the reversible pebbling ofL⌈N/b⌉ to the original graphG

Key Intuition

If we keep pebbles on the skip nodes, thenwe can effectively transform a reversible pebbling of
L⌈N/b⌉ to a reversible pebbling ofG
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The transfer yields an ST upper bound for the original DAG

G 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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P ′
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P35

L6 1 2 3 4 5 6

P ′1
P ′2
P ′3
P ′4
P ′5
P ′6
P ′7
P ′8
P ′9
P ′10
P ′11

Our Result [BHL22]

ST∥, →← (G) =

O
(
SN + b2 · ST∥, →← (L⌈N/b⌉)

)
,

whereS = (# skip nodes) and
b > 0: block size
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DRSample is one structured DAGwhere this technique applies

Our Result [BHL22]

ST∥, →← (G) = O
(
SN + b2 · ST∥, →← (L⌈N/b⌉)

)
, whereS = (# skip nodes) and b > 0: block size

DRSample [ABH17]: a Memory-Hard Function candidate with strong classical memory-hardness
• A line graph + random additional edge for each node (not uniformly random)

• We show that if b = O
(

N

logN

)
, thenS = O

(
N log logN

logN

)

⇒ ST∥, →← (DRSample) = O
(
N2 log logN

logN

)
Note. ST∥, →← (DRSample) = Ω

(
N2

logN

)

∴ A line-graph upper bound can become a concrete bound for a cryptographic DAG

Question

How close is the line-graph upper bound to optimal?
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A line graph already reveals the cost of reversibility

Observation. For any DAGG, CC∥, →← (G) ≤ ST∥, →← (G)

Sp
ac
e
(m

em
or
y)

Time[Space-Time Cost]

Sp
ac
e
(m

em
or
y)

Time[Cumulative Cost]

Our Result [BHL25]

For a line graphLN withN nodes, CC∥, →← (LN ) = Ω

(
N

1+
√

2−o(1)√
log N

)
.

• Separation:
▶ For a line graph, classical pebbling costs onlyΘ(N), while reversible pebbling is already superlinear

• Near-optimality:

▶ Our upper boundO
(
N

1+ 2√
log N

)
is within a subpolynomial factor of the lower bound
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Three takeaways

Parallel Reversible Pebbling

LANGUAGE a clean combinatorial way to reason about time-space tradeoffson DAGs (directed
acyclic graphs)

Upper and Lower Bounds

CONCRETE BOUNDS upper/lower bounds for reversible pebbling on simple and structured DAGs

Generic Transformations

REUSABLE TOOL a generic transformation from classical to reversible pebbling strategies
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A classical pebbling can be transformed into a reversible one
Pebbling Composition

G · · ·

Classical pebblingP = {P1, . . . , Pt} ofG

Lt P1 P2 P3 · · · Pt

Reversible pebblingQ ofG

Reversible pebblingR ofLt

Our Result [BHL25]

For a DAGGwithN nodes, ST∥, →← (G) = O
(
N

2
√

2√
log N

)
· ST∥(G).

• The reversible overhead is only subpolynomial: O
(
No(1)

)
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A reversible pebbling determines which classical states to keep
Pebbling composition example

G

L9

P1

P2

P3

P4

P5

P6

P7

P8

P9

R1

R2

R3

R4

R5

R6

R7

R8

R9

For i = 1, ..., 9, setQi :=
∪

j∈Ri
Pj

1 4 5 6

Q6 =
∪

j∈R6
Pj = P1 ∪ P4 ∪ P5 ∪ P6Q6

Q1 = P1

Q2 = P1 ∪ P2

Q3 = P1 ∪ P2 ∪ P3

Q4 = P1 ∪ P2 ∪ P3 ∪ P4

Q5 = P1 ∪ P2 ∪ P4 ∪ P5

Q6 = P1 ∪ P4 ∪ P5 ∪ P6

Q7 = P4 ∪ P5 ∪ P6 ∪ P7

Q8 = P4 ∪ P5 ∪ P7 ∪ P8

Q9 = P4 ∪ P7 ∪ P8 ∪ P9
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Naïve composition can blow up cumulative cost

G L9

P1

P2

P3

P4

P5

P6

P7

P8

P9

R1

R2

R3

R4

R5

R6

R7

R8

R9

P4

Q1 = P1

Q2 = P1 ∪ P2

Q3 = P1 ∪ P2 ∪ P3

Q4 = P1 ∪ P2 ∪ P3 ∪ P4

Q5 = P1 ∪ P2 ∪ P4 ∪ P5

Q6 = P1 ∪ P4 ∪ P5 ∪ P6

Q7 = P4 ∪ P5 ∪ P6 ∪ P7

Q8 = P4 ∪ P5 ∪ P7 ∪ P8

Q9 = P4 ∪ P7 ∪ P8 ∪ P9

Q1 = P1

Q2 = P1 ∪ P2

Q3 = P1 ∪ P2 ∪ P3

Q4 = P1 ∪ P2 ∪ P3 ∪ P4

Q5 = P1 ∪ P2 ∪ P4 ∪ P5

Q6 = P1 ∪ P4 ∪ P5 ∪ P6

Q7 = P4 ∪ P5 ∪ P6 ∪ P7

Q8 = P4 ∪ P5 ∪ P7 ∪ P8

Q9 = P4 ∪ P7 ∪ P8 ∪ P9

∴ CC(P ) � CC(Q)!
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Aweighted line graph fixes this problem

G

(weight of node i) = |Pi|
L9 1 1 2 4 2 2 2 3 1

P1
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1 1 1

2 2 2 2

34

Idea: Recursively pebble/unpebble theheavier nodes as needed

R1

R2

R3

R4

R5

R6

R7

R8

R9

Q1 = P1

Q2 = P1 ∪ P2

Q3 = P2 ∪ P3

Q4 = P2 ∪ P3 ∪ P4

Q5 = P2 ∪ P3 ∪ P4 ∪ P5

Q6 = P2 ∪ P3 ∪ P5 ∪ P6

Q7 = P2 ∪ P5 ∪ P6 ∪ P7

Q8 = P2 ∪ P5 ∪ P7 ∪ P8

Q9 = P2 ∪ P5 ∪ P7 ∪ P8 ∪ P9
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Our Result [BHL25]

For a DAGGwithN nodes,CC∥, →← (G) = O
(
N

O(1)
4
√

log N

)
· CC∥(G).
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Three takeaways and open problems

LANGUAGE Theparallel reversible pebbling game captures both cleanup and parallelism

CONCRETE BOUNDS Reversibility already causes superlinear cost on a line graph

REUSABLE TOOL Classical pebbling strategies can be transformed into reversible ones with only
subpolynomial overhead

Open Problems

• Canwe tighten the gap between the upper and lower bounds for line graphs?
• Canwe sharpen the cumulative-cost overhead in the pebbling composition?
• Can parallel reversible pebbling be formulated and analyzed as an optimization problemwhose

relaxations yield useful bounds?
• Can similar techniques be extended to other pebbling settings, such as red-blue pebbling or

spooky pebbling?
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